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Abstract. The quaternionic KP hierarchy is the integrable hierarchy of p.d.e 
obtained by replacing C with M, mutatis mutandis^ in the standard construc- 
tion of the KP hierarchy equations and solutions; it is equivalent to what is 
often called the Davey-Stewartson II hierarchy. This article studies its rela- 
tionship with the theory of quaternionic holomorphic 2-tori in HP^ (which 
are equivalent to conformally immersed 2-tori in S"*). After describing how 
the Sato-Segal- Wilson construction of KP solutions (particularly solutions of 
finite type) carries over to this quaternionic setting, we compare three differ- 
ent notions of "spectral curve": the QKP spectral curve, which arises from 
an algebra of commuting differential operators; the (unnormalised) Floquet 
multiplier spectral curve for the related Dirac operator; and the curve param- 
eterising Darboux transforms of a conformal 2-torus in 5^ (in the sense of 
Bohle, Leschke, Pedit and Pinkall [3]). The latter two are shown to be images 
of the QKP spectral curve, which need not be smooth. Moreover, it is a sin- 
gularisation of this QKP spectral curve, rather than the normalised Floquet 
multiplier curve, which determines the classification of conformally immersed 
2-tori of finite spectral genus. 



1. Introduction. 

The purpose of this article is to better understand the connection between 
the Davey-Stewartson hierarchy, an integrable system of non-linear p.d.e, and 
conformal immersions of tori in 5*^. The connection began with observations 
about tori in and the modified Novikov-Veselov equations [121 [131 [2EI 1221 [IDl 
2S] and extended to M.^ and the Davey-Stewartson equations later [El [TSl EH E3] 
(see also the survey article [M])- One compelling reason for the interest shown 
in this correspondence is that the simplest "first integral" of these hierarchies 
represents the Willmore functional, and there is some hope that a strategy based 
upon integrable systems will succeed in settling the Willmore conjecture (see [25] 
and [9] for two different perspectives on this). 

In the early papers the hierarchy itself was viewed as a system of p.d.e describ- 
ing deformations of a Dirac operator. This is linked to the conformal immersion 
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via the so-called generalised Weierstrass representation of surfaces in and W^. 
However, this point of view makes it difficult to see the conformal invariance and 
presents other problems in (see [33]). These difficulties are avoided when we 
adopt a different approach, using the theory of quaternionic holomorphic curves 
developed by the Berlin school [221 El IS [H [31 [2]. The conformal 4-sphere is 
thought of as HP^; a conformal immersion of a surface M becomes a quater- 
nionic line bundle over M whose dual bundle possesses a canonical quaternionic 
holomorphic structure D, the quaternionic analogue of a 9-operator. 

This operator D is essentially the Dirac operator which plays the central role in 
the alternative interpretation for the Davey-Stewartson hierarchy described here. 
This hierarchy is exactly what is obtained by replacing the field C with the divi- 
sion algebra H in the standard constructions of the KP hierarchy and its solutions 
(particularly, following [351 [36l [26] ) . This point of view is sufficiently rewarding 
that I feel the new name "quaternionic KP" (QKP) hierarchy is justifiecO|. 

The two features of integrable p.d.e which make them so special are: (i) 
the presence of infinitely many, independent, commuting flows, often called the 
"higher flows" ; (ii) the existence of solutions possessing a "spectral curve" of flnite 
genus, so that those solutions (called "flnite type/gap/zone") are part of a flnite 
dimensional completely integrable system whose Liouville tori are something like 
the Jacobi varieties of the spectral curves. These features are well understood 
for the KP hierarchy and the relevant properties for QKP are described in this 
article (although we have no interest in Hamiltonian structures and say nothing 
about them). As a general procedure this is "well-known" for multi-component 
KP hierarchies, although the detail requires some care. 

The challenge is to understand how these features translate into the geome- 
try of the immersed torus. There is at present no direct deflnition of the flows 
as deformations of a torus (although, see [6j for an attempt at this); there is 
only an indirect construction for tori of flnite type via the linear motion on the 
spectral curve (and here it matters very much which deflnition of the spectral 
curve is chosen). For the spectral curve, Taimanov initially proposed, in |29j . 
that this should be the normalisation of the analytic curve of Floquet multipliers 
of the Dirac operator: generically this has "inflnite genus". Recently this was 
examined from the quaternionic perspective [21 [21 [1] , which provides an intrinsi- 
cally conformally invariant construction of Taimanov's spectral curve, and also 
gives a geometric interpretation to the points on this curve, as parameterising 
Darboux transformations of the immersed torus (where the notion of a Darboux 
transformation has been deflned to give the flexibility necessary). 

The main contribution of this article lies in clarifying relationship between 
different notions of "spectral curve" which arise in the case of flnite genus: from 
QKP (following KP), from the multiplier spectral curve, and from the curve of 
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Darboux transformations. To achieve this, we study first the QKP hierarchy 
itself. 

Properly thought of, the QKP hierarchy is a collection of Lax equations Lt = 
[P, L] for a pseudo- differential operator with quaternionic coefficients 

and a differential operator P. Because the construction of these Lax equations is 
fundamentally algebraic we follow Wilson [35l [36] and take the point of view that 
it is done formally in a real differential algebra, so that dy is a real derivation 
and the components of the coefficients L/q, f/i, . . ., together with their formal y- 
derivatives, generate this algebra. The Lax equations are obtained by the familiar 
"dressing" method. In particular, one of these provides the real derivation dx'- 
the operator 

will play the role of the Dirac operator. The QKP equations which involve the 
derivation dx imply (but are not equivalent to) equations of the form 

Vt = [V,P]. 

To reconnect with analysis, we realise the QKP equations as flows on a manifold. 
Here we follow the approach taken by Segal & Wilson [26j with the KP hierarchy: 
the manifold is a quotient of an inflnite dimensional Grassmannian and contains 
all the finite type solutions of the QKP hierarchy. This Grassmannian, Gr(EI), 
possesses pretty much all the properties that hold for KP. In particular: 

(a) the QKP flows correspond to the action of an inflnite dimensional abelian 
Lie group P^ on G'r(EI) and the QKP solutions are parameterized by a 
quotient manifold This manifold is the disjoint union of two manifolds, 
A^KP, which is a copy of the ordinary KP phase space and parameterises 
QKP solutions for which the Dirac potential Uq is zero, and A^qkp, which 
parameterizes solutions with non-zero Dirac potential. 

(b) the points of M. which have flnite dimensional r+-orbits correspond pre- 
cisely to the solutions which can be constructed from spectral data (i.e., 
a complete algebraic curve and other algebraic data on it), and the orbits 
themselves are open subvarieties of (generalised) Jacobi varieties. We call 
these "of flnite type" . 

The object which mediates between Lax equations and points of G'r(EI) is the 
(quaternionic) Baker function. This is an H- valued solution to the spectral prob- 
lem Lip = —ipC which admits a left IH Fourier series expansion of the form 

iP{x, y, = (1 + aiix, y)C^ + . . .) exp[(a; + iy)C], C e S\ 

This Baker function converges for |C| > 1 for all QKP solutions in A4. Points of 
the Grassmannian Gr{M.) parameterise Baker functions. For the QKP solutions 
of flnite type there is a representative Baker function which extends to a globally 
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mermorphic function on the spectral curve. We call this the global Baker function: 
it plays an important role in translating between the different notions of spectral 
curve. 

The QKP spectral curve X, and the other data it carries, is the object which 
we spend the most time studying. It is not required to be smooth, but it must 
possess a real involution p which has no fixed points. Part of the data on it 
is a marked point P (and therefore its partner pP). This makes it the natural 
quaternionic analogue of the pointed curve which appears in KP theory. Indeed, 
although this idea is not pursued here except incidentally, it seems certain that 
the QKP Grassmannian plays the same role for the moduli space of such curves 
that the KP Grassmannian plays for the moduli space of all pointed complete 
irreducible algebraic curves. 

The Baker function satisfies Dip = for all ( (i.e., it provides a complex analytic 
family of quaternionic holomorphic functions) and as a consequence it can be used 
to construct quaternionic holomorphic curves in HP^ (or, more generally, HP"). 
When ip is the global Baker function evaluation of it at points of X provides 
the homogeneous quaternionic coordinates for these curves. We describe the 
conditions under which these quaternionic holomorphic curves are doubly periodic 
and are therefore immersed tori: these conditions involve the Jacobi variety of 
a singularisation Xq of the QKP spectral curve X, obtained by collapsing into 
one singular point the divisor q of points at which the global Baker function is 
evaluated to obtain the quaternionic holomorphic curve. 

In this passage between QKP and quaternionic holomorphic curves two prob- 
lems remain unresolved. 



(a) The periodicity conditions on the QKP spectral data imply that the whole 
QKP operator L is "periodic" (the precise condition is that it have uni- 
modular monodromy over the torus, so it acts on sections of a flat, but 
not necessarily trivial, bundle). By constrast, if one begins with a confor- 
mal torus then at first sight one only obtains "periodicity" of the Dirac 
operator V. There is a Baker-type function in the kernel of the Dirac 
operator when its multiplier spectral curve has finite type (i.e., the nor- 
malised curve has finite genus). The problem, which I was unable to solve, 
is to show that the two Baker functions coincide without knowing a priori 
that the QKP operator L is "periodic". 

(b) When the multiplier spectral curve is not of finite type it seems there 
can be no convergent multiplier Baker function, which raises the problem 
of how to make the passage between QKP and conformal tori at all. In 
particular, it is not clear how to describe integrable deformations in this 
case. This may be possible using the theory of infinite genus Riemann 
surfaces |H1 [21], but that would take us out of the Grassmannian class of 
solutions discussed here. 
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In the case where the two Baker functions can be shown to be the same we 
construct both the Darboux spectral curve and the multipher spectral curve 
from the QKP spectral, as images which are not necessarily biholomorphic. The 
Darboux spectral curve has a particularly neat characterisation via an Abel image 
of a punctured version of the QKP spectral curve X: when X is smooth the 
punctured curve is just X \q, whose Abel image lies in Jac(X(,). The intention 
here is to show that it is the singular curve Xq which carries the spectral data 
required to understand quaternionic holomorphic curves. 

The article concludes with a short discussion of the topics which I believe 
deserve further attention: a geometric understanding of integrable deformations; 
tori which are not of finite type; non-isospectral Darboux transformations. It 
seems to me that the proper arena for discussing all of these topics is not the 
theory of conformally immersed tori in S^, but rather the more general study of 
quaternionic holomorphic curves in HP". 

Acknowledgments. 1 would like to thank Christoph Bohle, Katrin Leschke, 
Franz Pedit and Ulrich Pinkall for letting me see preliminary versions of [31 H] 
and for explaining their work on quaternionic holomorphic curves to me over a 
number of years. A preliminary, and far less comprehensive, version of this article 
(containing a few misunderstandings) appeared in the conference proceedings [20] . 

2. Quaternionic holomorphic curves. 

We begin by summarising the correspondence between conformally immersed 
surfaces in S"^ ~ HP^ (as the space of left quaternionic lines in H^) and quater- 
nionic holomorphic curves (based on [SUH])- Each immersed surface / : M — > 5*^ 
can be equated with a smooth (quaternionic) line subbundle L of the trivial 
bundle = M x via f{p) = Lp. 

The reader is warned at this point that we do not adopt the convention of 
[9] that all quaternionic bundles are right EI bundles, since this does not fit well 
with our construction of the QKP hierarchy using differential operators, with 
coefficients over H, acting on the left on H-valued functions. Therefore L will be 
a left H-bundle its quaternionic dual L* = Home(L,EI) a right H-bundle. 

The theory of quaternionic holomorphic curves encodes the conformality of the 
map / as follows. The differential df of any immersed surface f : M ^ MF^ can 
be represented, after the standard manner for maps into projective spaces, by 
6f e (]i^(Hom(L,llVL)) where 

5f\ip\^d%lj mod L, ip & r(L). 

Here r(L) denotes the space of smooth sections of L. We also adopt the conven- 
tior@ that, for any vector bundle valued 1-form uj., *uj = uj o J^j where Jm is the 
complex structure on M . Now / is a conformal immersion if and only if there 



Note that in this convention *dz — idz for the standard complex structure on the complex 
plane, contrary to the usual convention for the Hodge ^-operator. 
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exists J G EndH(-^^) with = —I for which *6f = 6f o J. The pair (L, J) is 
called a quaternionic holomorphic line bundle. 

Further, L* inherits a complex structure, which we will also call J, and a 
canonical quaternionic holomorphic structure 

D : r(L*) ^ Q\L*). 

This is an H-linear operator satisfying, for any G r(L*) and /i : M ^ H: 

The canonical structure is characterised by the property that the natural inclu- 
sion (H^)* C r(L*) maps into the kernel of D, i.e., into the space H^{L*) of 
quaternionic holomorphic sections (see [5l §4.3]). 

The definitions above apply equally well to line subbundles of H""*"^ and pro- 
vide the notion of a quaternionic holomorphic curve in HP". Conversely, given a 
complex quaternionic line bundle {E, J) equipped with a quaternionic holomor- 
phic structure D, define H^{E) to be the kernel of D. When M is compact this 
space is finite dimensional (indeed, a Riemann-Roch formula can be derived to 
calculate this dimension: see [U]). The "Kodaira construction" follows through 
to give a quaternionic holomorphic curve 

(1) f-.M-^FHUET; p^E;. 

A two dimensional H-subspace H C H^{E) can be thought of as a linear system, 
in the sense of algebraic curve theory. Provided H is well-positioned (has no 
base points) the dual projection H^{E)* C H* gives us a conformal immersion 

2.1. The Dirac operator for a conformal torus in with fiat normal 
bundle. For any complex quaternionic line bundle (L, J) we define L to be the 
complex line bundle whose fibres are 

Lp = {a G Lp\Ja = ia}. 

By definition, deg(L) is the degree of the complex line bundle L. Bohle [U pl9] 
showed that when M is a compact Riemann surface the degree of the normal 
bundle of / is 2 deg(L) — deg{KM), where Km is the canonical bundle. 

Suppose we have a complex (right) quaternionic line bundle {E, J) over a torus 
M, with quaternionic holomorphic structure D. Let us assume this has degree 
zero, i.e., deg(ii^) = 0. The complex bundle E inherits the complex holomorphic 
structure 

dj = ^{D-JDJ). 

The moduli space of degree zero holomorphic line bundles is isomorphic to the 
moduli space H^{M,S^) of Hermitian line bundles possessing a flat Hermitian 
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connexion, so dj can be extended in a unique way to a flat connexion V which is 
also Hermitian with respect to some Hermitian inner product on E. Now, if we 
represent M as C/A for some lattice A and let vr : C M denote the universal 
cover then we can trivialise 7r*i? with a smooth V-parallel section $ which is 
therefore ^j-holomorphic. This section is unique up to right multiplication by a 
complex constant and has unimodular monodromy /i G Hom(A, S^), i.e., for each 
A e A and all z G C 

$(2 + A) = ^z)iJi{\). 

For any \1/ G r(i?) we therefore have some H- valued function t/^ on C for which 
\I' = and we observe that ip has monodromy along the lattice A. It 
follows that 

D"^ = + ^-{d^p + i * dip). 

Now recall the decomposition D = dj + Q, where Q = {D + JDJ)/2 is called 
the "Hopf field", and write = ^dzU for some U : C ^ M. Since Q anti- 
commutes with J it follows that U anti-commutes with i. Then 

(2) = {Mz)V'ip, V = d/dz + U. 
We call V the Dirac operator!! For simplicity let us define 

keiiV) = G C^{C,Il)\ViP = 0}. 
Then we have an identification 

(3) H'^jiE) ~ G keiiV) : ^{z + A) = fi-\X)^{z) VA G A} 

Notice that V does not in general preserve the space of functions on the torus 
M, since for any A G A and all 2; G C 

(4) U{z + A) = fi{Xy^U{z)fi{X) = U{z)fi{Xf. 

Therefore X> is doubly periodic if and only if is a spin bundle. We know from 
[22] that this is the case which corresponds to immersions into (see also [1]). 
By (jlj) \U\ is always a function on M itself and the L^-norm of U over M is 
called the Willmore energy of T>: it is essentially the Willmore functional for the 
corresponding conformally immersed torus. 

2.2. The multiplier spectrum and the Baker function. For any degree 
zero quaternionic holomorphic (right H) line bundle {E,D) over a torus C/A let 
{7r*E, D) denote its pull-back to the universal cover vr : C — C/A. Using this we 
construct the multiplier spectrum of {E,D): 

Sp{E,D) = {x G Hom(A,C^) : 3^ G Ki^*E), ^ ^ 0, A*^ = ^x(A) VA G A}. 

By fixing two generators for A we can identify Sp(ii^, D) with a subset of (C^)^. 
It has been shown (see for a survey of results) that Sp(i?, D) is a complex 



'In the spinor representation H = C + jC the operator T) has the form of a Dnac operator. 
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analytic curve. Right multiplication on H^{j:*E) by j induces on Sp(i^^, D) a real 
involution X- Using the isomorphism ([3]) we can write 

(5) Sp(E, D) = {xe Hom(A, C^) : 3^^ G ker(D), ^ 0, 

y^, = ^(A)-Vx(A) VA G A}. 

Here /i is the monodromy for the flat bundle L* . 

The asymptotic structure of this spectrum is quite well understood (see fSlIM]) 
and is described by comparison with the spectrum of the "vacuum" operator 
-Do = <9j, with vacuum Dirac operator Vq = d/dz. Let us assume for the moment 
that E is trivial (i.e., fi = 1). Taking tp{z,() = e^'', for G C, we observe that 
'Dqi/j = for all ( and 

^{z + A, C) = C)e^^, Vz G C, A G A. 

Hence Sp(i?, Dq) contains an analytic curve of monodromies 

C = {{e^-<^, e"^«) G (C><)2 : C G C}, A = Z(Ai, A2). 

The full multiplier spectrum of Vq is C U C. These two branches of Sp(£^, Dq) 
intersect infinitely often in double points. When the monodromy is nontrivial 
the structure is the same but with the branches C and C shifted by appropriate 
factors. 

The spectrum Sp(-E,D) is asymptotic to Sp(-E',Do) in the sense that outside 
a compact subset of (C^)^ the former is contained in an arbitrarily small tube 
around the latter. Away from the double points of Sp(£', Dq) the curve Sp(£', D) 
is a graph over Sp(i?,Do); while near each double point Sp(i?,L') either has a 
double point itself or is annular: in the latter case Sp(£', D) resolves the double 
point into a handle. Now let us consider what happens to Sp(i?, D) as it follows 
the curve C along \C, \ — »• 00. Either for every i? > the domain \C,\> R contains 
at least one handle, or there is some R for which Sp(i?, D) only contains double 
points. In the latter case Sp(i?,D) must have two intersecting branches, one of 
which can be parameterised by A = {C : |C| > i?}, thought of as a punctured 
parameter disc about the point at infinity of C. Thus we have a map 

X:AxA^C^ x(-,C)eHom(A,C>^), 

which is holomorphic in A for each A. The following result is a direct consequence 
of Theorem 4.1 and Lemma 5.2 in [1] (cf. [311 §4]). 

Theorem 2.1. When Sp{E,D) has only double points along A there exists a 
function 

satisfying: 

(a) Vi: = for all ( E A, 

(b) ip is holomorphic in ( and lim^„,oo V^(-2, C)^"^'' = 1, 

(c) ij{z + A, = fiW'M^, C)X(A, for allzeCXe A. 



THE QKP HIERARCHY 



9 



Further, ip is uniquely determined byip{0,()- 

We will call this function ip{zX) the multiplier Baker function for Sp{E,D). 
By the properties above it has the expansion (in left Fourier series) 

oo 

7/;(z,C) = (l + 5^a,(;2)r'>xp(zC), a, : C ^ M, \C\ > R. 
i=i 

By rescaling ( we may as well assume A is the punctured disc \(\ > 1. In the next 
section we will introduce the QKP Baker function, and later on we will consider 
under what conditions we can show that the two agree. 

We finish this section with an example which will help us understand, later, in 
section [HI the difference between the multiplier spectrum and the QKP spectral 
curve. The example comes from the study of Hamiltonian stationary Lagrangian 
(HSL) tori in 

Example 2.2. Fix a torus C/A and equip C with its standard metric {z,w) = 
^{zw + zw). With this we think of the dual lattice A* as 

A* = {a G C : (a,A) G Z VA G A}. 

Fix some non-zero /?o G A* and define [3{z) = 27t{(3q,z). Now consider the 
complex quaternionic line bundle {E, J) where tt C/A is the trivial right H- 

bundle and J a = Na for = e^^i. This has quaternionic holomorphic structure 

Da = ^{da + N * da). 

From [T7] we know that / : C/A — EI is HSL with Maslov class (3q whenever 
Df = 0. It is easy to check that $ = e^^^'^i is a parallel section of ti*E for 
the unique flat Hermitian connexion V on ii^ for which V" = dj, and the Dirac 
operator given by ([2]) is 

(6) + > 

Notice that {E, J) is trivial if Po/2 G A* but otherwise a spin bundle, since the 
monodromy of $ is given by fi{X) = e*^*-'^-'/^ = ±1 for A G A. 

We can explicitly calculate Sp{E,D) for this example using 1^. It is easiest 
to do this by writing any solution of Vip = in the form 

iIj(z) = fi-'^{z)ipi{z)x{z) + jfi~'^{z)ip2{z)x{z), 

where fi{z) = e*^*^^-*/^, (fm are both A-periodic complex valued functions and 



X{z) = exp[TTi{^z + T]z)], 
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for complex parameters ^, 77. These will parameterise the logarithmic spectrum. 
Now Dip = is equivalent to the equations 

(7) -9^1/9^ +(r/-/5o/2Vi + (z/3o/2)<^2 = 

HI 

— 8^2/ dz + {i-^^ / 2)^2- {i^^/ 2)^1 = 0. 
m 

Since the complex valued functions are both A-periodic they can be repre- 
sented by Fourier series 



(8) 



There is a non-trivial solution to ([7]) if and only if there exists a G A* for which 
the linear system 

-i~^^l2 a^i-'^^l2)\p2c.) 

has a non-trivial solution. Thus if we set 

F„(r/, = (« + - /3o/2)(a + i - ;9o/2) - 

we can describe the logarithmic spectrum S of (-E, Z^) as the union of infinitely 
many irreducible rational curves: 

S = U,6A.C,, = {(r/,0 e : F^{j],i) = 0}. 

Even though each component Ca is smooth the curve S possesses infinitely many 
singularities caused by the intersections of components. The dual lattice A* acts 
on S by (rj,^) {rj + a,^ + a) and it is easy to see that this identifies all 
components Ca with one, say Cq. Thus 

Sp(E,D)~S/A*~Co/~ 
where ~ is the equivalence relation on Co defined by 

iv, ~ iv', O ^ iv', = (r/ + a, e + «) 3a G A*. 
This identification creates the singularities of Sp{E,D), which are of two types, 
(a) For each non-zero a G A* the points {r],^) and (77 + a, ^ + a) are identified 



whenever 



a 4 2 



This gives a double point when the discriminant (which is proportional to 
jap — |/3oP) is non-zero but a cusp when it vanishes (the two components 
Co and Ca of E meet tangentially when the discriminant vanishes), 
(b) The point (0, 0) is identified with every point in the set 

D = {{a, a) : \a — — | = |-— |, a G A }. 
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This includes (/3o,/?o) and therefore one of the above cusps is folded into 
this singularity. 

The simplest Baker function is obtained by taking Lpi^ = for a 7^ 0. Then we 
have a non-trivial solution to ([H]) given by 

(<^10,<^20) = C = 7rz(C-y). 

This leads to the multiplier Baker function 

(9) ^(., C) = (1 - J^C-^) exp(-^^C- ^)e^S 

which is uniquely determined by its initial value '?/'(0, C) = 1 ~ J ^C~^- It follows 
that the space H^{E) of global quaternionic holomorphic sections is spanned by 
the sections ^ip obtained by evaluating ip at each ( = mi^a — Po/2) for (a, a) E S 
(cf. HH Thm 2.9]). 

3. The QKP hierarchy. 

3.1. Formal construction of the QKP hierarchy. The QKP hierarchy is 
a real form of the two component KP hierachy (and is referred to elsewhere, 
for example [2SIEI], as the Davey-Stewartson II hierachy). In this subsection we 
will see how this hierarchy is constructed by the formal dressing method, working 
entirely within a quaternionic framework, so that the comparison between KP 
and QKP is quite literally the replacement of C by H. I will follow the purely 
algebraic approach given in two papers by George Wilson [351 ES] • 

We begin by fixing a real differential algebra B, with derivation dy, of the form 

S = M[m2]], for a,k = 0,l,2,..., /5 = 1,2,3,4. 
These generators are algebraically free but related under the derivation by 

^y"a/3 ~ "a/3 • 

With this we construct a formal pseudo-differential operator with coefficients in 

(10) L = zdy + Uo + Uidy' + ... 
where 

Uq = j{uo3 + mo4) 

The reader should note that when working with the algebra of such operators we 
use the identities 

00 

dya = ady + a', dy'a = ^(-1) 

m=0 
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where a^"^-* denotes the m-th derivative: the second identity follows from the first. 
In this way the inverse of dy preserves the algebra of pseudo-differential operators 
over B. 

It is important for this construction that the leading coefficient z of L is regular 
for the Lie algebra structure on H (i.e. the commutator of i has minimal dimension 
2). As a consequence, we ignore the component of Uo which commutes with i. 

The aim is to construct an infinite family of independent derivations on B 
each of which commutes with dy. One approach is to use the formal dressing 
construction to produce a subalgebra of the commutative algebra Z{L) of all 
pseudo-differential operators (over B 0M.) which commute with L. The basis of 
this method lies in the following theorem. 

Theorem 3.1 ([33]). There exists a formal operator of the form 

k>l 

such that K~^LK = idy. Moreover, K is unique up to right multiplication by 
operators of the form 1 + Ylk>i ^kdy^ where each is a complex constant. 

The components of the coefficients do not belong to B but generate an 
extension algebra B. 

By "dressing" we mean the homomorphism of R-algebras 

C\dy\ ^ Z{L)- Po^P = KPoK-\ 

A crucial point here, and one of the main results in [33], is that the coefficients 
of P all lie in i3 (S> H. We will denote the image of this homomorphism by Zq{L). 
By splitting P into P+ + P_, where P+ is the differential operator part of P, we 
obtain a derivation dp on B, characterised by 

(11) dpL = [L,P+]. 

This is extended to all of B by insisting that it commute with dy. Right now we 
single out one of these for special attention: the derivation di will be renamed 
dx. These derivations also extend to B via 

(12) dpK = P_K. 

The second principal result of [33] is that all these derivations commute. Further, 
we deduce from [35l pl37] the following equations relating the derivations. 

Theorem 3.2. For every P,Q & Zq{L) we have the equation 

dpQ+ = dQP++\Q+,P4. 

In particular, this includes a family of p.d.e of the form 

(13) dpL+ = dxP++[L+,P+]. 

Historically these are the equations referred to as the hierachy, since these are 
the equations which occur in practical applications to physics and fluid dynamics 
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(for example, the t2 flow yields the Davey-Stewartson II equations). But this is 
misleading: the coefficients of P+ cannot in general be expressed as differential 
polynomials in the coefficients of L4. and therefore the equations ( |T3l) alone do 
not carry the information contained in the definition ( ITTl) . Therefore we follow 
Sato's nomenclature, also used in [26], and call the system of equations (fTTl) the 
QKP hierarchy. 

Dressing permits us to introduce the formal Baker function. In the current 
algebraic setting it is a formal power series 

•0 = (1 + ai(~^ + . . .) exp(a;C + iyC) = K exp{x( + iy() 

where C is a formal parameter (to make sense of this we can take an appropriate 
extension of the differential algebra B). From the definition of L it follows that 
Lip = —ipC- Therefore 

=L_ij + - V'C - L_il) = 
Now we can extend the definition of ip to 

ij = K exp[J2isk + itk)C''] 

fcGN 

for real variables Sk-,tk- It is not hard to see that for every Pq ^ '^[^y] we can 
find a sequence t = (x, y, S2, ^2, • • •) for which, with the relabelling of dp as dt, we 
have 

dtij + P+ij = 

3.2. The Grassmannian class of solutions. Following Segal & Wilson [26j we 
can construct an infinite dimensional Grassmannian Gr{M) whose points essen- 
tially parameterise the set of all formal Baker functions which actually converge 
for ICI = 1. It is well-known that for the two component KP hierarchy this class 
of solutions can be studied using a Grassmannian Gr(C^) of subspaces of the 
Hilbert space H = L^(S'^,C^). Indeed, the equations "linearise" on this space: 
they correspond to the flows of an abelian group action. Since the QKP hierarchy 
is a real form of two component KP, we should obtain it by imposing a reality 
condition: this can be achieved by flxing a left EI action on H for which j acts 
conjugate linearly. 

The quickest way to do this is to realise H as L'^{S^, M). We view EI as having 
two complex structures: the flrst arises from left multiplication by i G EI, the 
second comes from right multiplication by i. These structures are inherited by 
any space of H-valued functions. We view if as a complex vector space with 
respect to the flrst complex structure. Then it has the Hermitian inner product 

< f,9>= / (/^)c 
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where g is the quaternionic conjugate, and if g = a + 6j G HI for a, 6 G C then 
qc = a. The integral is normahsed in the usual way so that < 1, 1 >= 1. To 
make calculations for differential operators acting on the left, we represent each 
element of if in its left Fourier series 

/(C) = E/™C'", ICI = i, Uem. 

The identification with L'^{S^, C^) uses the complete complex orthonormal system 
for L2(5\H) given by {C™, jCI^ e Z}, so that 

This can be written more compactly as 

(14) L\S\C^) L\S\m); {u,v)^u + jv, 

where v{() = v{(). Both left HI multiplication and right complex multiplication 
preserve the polarization of H into orthogonal subspaces and H_ which con- 
sist of functions whose left Fourier series have, respectively, only non-negative 
and only negative powers of (. 

Now define GriC^) to be the space of all complex subspaces W C H (i.e., 
iW = W) for which the projections pr+ : W — > and pr_ : W — > are 
respectively Fredholm (of index zero) and Hilbert-Schmidt. Then Gr(C^) is a 
complex Hilbert manifold modelled on the space of Hilbert-Schmidt operators 
from to with the Hilbert-Schmidt inner product. Inside this we have the 
real submanifold 

Gr(H) = {W e Gr{C'^)\jW = W}, 

the fixed point subspace of the real involution W t—^ jW. One knows (from 
[23] or [2n]) that G'r(C^) is a homogeneous space for an infinite dimensional Lie 
group GLres of certain complex endomorphisms of H, so we can view Gr(HI) as 
a homogeneous space for the real subgroup GLres{^) of left H-linear endomor- 
phisms. As with the KP equations, we can produce an abelian subgroup whose 
flows correspond to the QKP equations. 

Define F C C"^(S'\ C*) to be the abelian sub group of all non- vanishing analytic 
functions with winding number zero, and let Q denote its Lie algebra C"^(S'^, C). 
F acts H-linearly on H by 

^ , H ^ H; f ^ fj, 

Thus we have a representation F C GLres{^), hence F acts on Gr(IHI) as a real 
group: to emphasize the definition we will write this action as 'y oW = W'j. The 
group F factorises into the product F_.F+ of two subgroups: F+, whose elements 
extend holomorphically into the disc |C| < 1 and are unimodular at ( = 0, and 
F_, whose elements extend holomorphically into the disc |(^| > 1 and take a real 
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positive value at C = ccfl We write Q = Q+ + Q- for the corresponding Lie 
algebra splitting. We will parameterise elements of r+ by writing each in the 
form 

7(t) =e^Y>[i'I^Q + ^{sk + itk)C% t = G G+. 

k>l 

We will tend to use x, y instead of si, ti below, and write z = x + iy. 

In the same manner as [22] , we wish to assign ioW & Gr (H) a convergent Baker 
function and thereby obtain solutions to the QKP equations. Such an assignment 
only works when the r_|_-orbit of W meets the big cell: this is the open dense 
subset of Gr(C^) consisting of all W G (jr(C^) for which pr_|_ : W is 
invertible. The following result shows that, like the KP case, this condition is 
always satisfied. 

Theorem 3.3. Let W G Gr(E.) and define 

Fi = {exp((x + iy)C) : x, ?/ G R} ~ M^. 

Then the Ti-orbit of W meets the big cell off a real analytic (proper) suhvariety 
ofM?. Consequently the T^-orbit of W meets the big cell on the complement of 
a real analytic (proper) subvariety o/r+. 

The proof is in appendix |Al As a consequence, to every W G Gr{M) we can 
assign a convergent Baker function ipw as follows. Since r+-orbits meet the big 
cell on open sets there is a function, defined for almost all t G 

(15) ^w'(t) = (l + ai(t)r^ + ...)7(t), 

taking values in W: it is characterised by the property that 

pr+(V>H/(t)7(t)-') = 1. 

Moreover, il^w uniquely determines W, since the set ipwWy'^'wW, ip'^^O), ... of 
all y derivatives spans an H-subspace of H whose closure is W. 

From now on we will set z = x + iy and, for notational convenience, we will 
use, for example, 7 (to) to denote setting every parameter except to equal to zero. 

Theorem 3.4. To every W G Gr(H) we can assign a formal pseudo-differential 
operator Lw of the form (flOjl satisfying Ly/'ipw = —^^wC- Consequently, for 
t = Sk or t = tk, k eN there exists a differential operator P+ for which 

difjw/dt + P+ipw = 0, hence Lt = [P+, L]. 

In particular, for each W we obtain a Dirac operator V = d/dz + Uw for which 
Uw = —{cLi + iaii)/2, Vipw = and the equations for dUw/dt are ( |T3l) . 



This slightly unusual normalisation for r_ and r_|_ makes our discussion of the F-orbits 
easier later on, since the real scaling action is trivial but the action of the unimodular scaling 
plays an important role. 
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The proof is identical to that for the KP hierarchy given in [26] . In particular, 
from ipw we extract 

^H/(t) = l + 5^afc(t)^^ 

A;>0 

from which we obtain Lw = KwidyK^ using 

Kw = l + Y,ak{t){id-^f. 

k>0 

Remark 3.5. Let us use Gr{C) to denote the Segal- Wilson Grassmannian for 
L'^{S^,C). We can embed this in Gr(EI) using V V (B V, where the latter 
is the space {{u,v) : u,v & V} C Gr(C^). Points of Gr{M.) of this type yield 
solutions to the (complex scalar) KP hierachy of equations, since it is clear that 
the complex Baker function ipy which Segal & Wilson assign to G Gr{C) is also 
our quaternionic Baker function ip^, for W = V (B V. Therefore all calculations 
reduce to those of [5B]. We will use Grxp to denote the image of G'r(C) in Gr(H) 
and denote its complement by GrqKp. We can characterise the points of Grxp 
as follows. 

Lemma 3.6. W G Grxp if and only ifWi = W, equally, if and only if the Dirac 
potential Uw is trivial. 

Proof. If W E Grxp then clearly we have both Wi = W and Uw = 0. Now if 
Wi = W then W = V + jV where 

V = {l{f-^f^)■.feW}. 

In particular, ^{ipw — ii^wi) belongs to V and by uniqueness of the Fourier 
expansion for Baker functions must equal ipw, hence ipw takes values in V. This 
means V G Gr{C), since derivatives of il^w generate V over C. Thus W G Gr^p- 
Now suppose Uw = and set d = d/dz. Then Bipw = and so if we write 
ipw = 4'i+j4'2, where both ipi, ip2 commute with i, we have dipi = and dip2 = 0. 
We notice that, restricting ipw to x,y, 

iJi = {l+ PiC + ...) exp«), ^2 = {qiC + ...) exp«), 

for some complex valued functions pi,qi, . . .. Now dil!2 = means 

{qi + {dqi + q2)C' + ■■■ + (% + ^fc+OC"' + • • ■)e'^ = 0- 

So dip2 = if and only if = for all k, i.e., ip2 = 0. Therefore ipw = i^i 
and since dil^i = the closure V of the complex subspace of W generated by 
ipwi^), dipw{0), ■ ■ ■ belongs to Gr{C). But V generates W over EI and therefore 
W = V + jV, which is \^ © \^ in our notation. □ 
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3.3. QKP flows. An important consequence of the construction is that the ac- 
tion of r+ generates the QKP flows, in the following very precise sense. Let 
t,t' G Q+. Then, by comparing Fourier series, we deduce that 

(16) V>H/-,(t')(t) = ^H/(t-t')7(tO, 
and therefore, treating t as variable and t' as a constant, 

V'H/7(t')(t) = ^wit - t'), 

whence 

(17) Lw^(^t'){t) = Lwit-t'). 

Now, if our interest is purely in the QKP operator L^r then, as with the KP 
hierarchy [2S], we observe that for any 7 G r_ we have -^14^7 = '4'w'l, hence 
Lwy = Lw- In fact we have the following result. 

Theorem 3.7. The quotient space A4 = G'r(H)/r_ is a manifold, and the map 
M ^ {Lw : W e Gr{M)}; T_oW^Lw 

is bijective. 

Proof. It is easy to extrapolate from the proof of the analogous result in Segal & 
Wilson [26l 2.4] that the subgroup of elements of r„ of the form 1 + 0{(~^) acts 
freely on Gr{M), while the constant scalars act trivially, hence is a manifold. 
By theorem 13.11 Lw uniquely determines ipw up to right multiplication by an 
element of r_, and ipw determines W, so the map is bijective. □ 

Since F is abelian the group F+ acts on Ai and it is clear from ffT7|) that the 
orbits correspond to the flows of the QKP hierarchy. One particular subgroup of 
F+ acts in a significant way. Let Fq = {exp(ito) : to ^ I^} C F+ be the subgroup 
of unimodular constants, so Fq — S*^. In the next result we will see that the orbits 
of Fq are either points or circles depending upon whether or not W G Grxp. Since 
the disjoint submanifolds Grxp and GrqKp are both F invariant the phase space 
A4 can be written as a disjoint union A^kf U A^qkp of quotient manifolds under 
the action of F_. 

For ease of notation, for any W G Gr{M) set W{tQ,z) = lye**""'"^'', with the 
usual convention that the absence of either variable denotes that it is zero. 

Theorem 3.8. (a) For any W G Gr(H) 

(18) Lwito) = e-**°L^e^*°. 

(b) The group Fq acts trivially on A^kp? while the space Aigxp/ro ofV^-orhits 
in A^QKP is the quotient o/A^qkp by a free action of . 
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(c) Let A C C be a lattice, then Lw{z + A) = /i(A) ^Lw{z)ji{\) for some 
fi G Hom(A, S^) if and only if the map 



and that this takes values in W{tQ). By the uniqueness of the Baker function, we 
deduce that ipwito){z) = e~^^°ipw{z)e^''° . The formula ( fTSl) follows at once, 
(b) The definition of the r+ action, combined with ( |T8i) . yields 



This is trivial if Lyy is purely complex, which by lemma 13.61 is the case precisely 
when W G Gr^p, so Fq acts trivially on A^kp- Now observe that for any g G H, 
g-i7rg,g27r _ ^ Therefore if we define an action on A^qkp by e**° -Lw = Lw{to/2) 
this action is free, since the points in the subspace A^qkp are those for which 
ijjw is not purely complex. Clearly the quotient of A^qkp by this action equals 

(c) Suppose Lw(z + A) = yu(A)~^Liy(z)/i(A) for some G Hom(A, S*^) and all 
z G C. By and ^ this means 



and let 5 C be the G-orbit of L^. The projection J\4 -M/^o makes S a 
bundle over the Fi-orbit M ~ C/A of [Lw]. When Lw G A^kp this projection is 
a bijection, so that Lw{z) is A-periodic and fi is trivial. Otherwise 5 — M is an 
S'^-bundle, by (b), with a natural flat connexion for which the action of Fi C G 
is horizontal. This makes z ^ Lw{z) a flat section over the universal cover C of 
M and hence it has a monodromy yu' G Hom(A, S^). The action of is via Fq 
and therefore 




w — Lwito) — e 






/i'(A) ^LH/(^)/i'(A), 



fx\\)-'Lwiz')fx'{\). 



□ 
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3.4. Solutions of finite type. By adapting the construction in [26j we can 
construct many points W G Gr(M.) corresponding to spectral data and thereby 
construct Baker functions (using, for example, Riemann ^-functions). Our spec- 
tral data will be a collection {X, p,P,(, l^-, V?) of the following. 

(a) X is a complete, reduced, algebraic curve of arithmetic genus with fixed- 
point free anti-holomorphic involution p. X need not be irreducible, but 
if it is reducible it must have no more than two irreducible components 
and these must be swapped by p. 

(b) P G X is a smooth point and C,~^ is a local parameter about P, 

(c) £ is a holomorphic line bundle of degree g + 1 for which p*C ~ C and 
C{—P — pP) is non-speciai^. This induces a unique, up to sign, conjugate 
linear isomorphism p* : C ^ C covering p and satisfying {p*Y = ~1 (so 
p* is a quaternionic involution). 

(d) (f is a holomorphic trivialising section of C over the disc Ap = {Q : 
IC(Q)~^I < 1} its boundary circle Cp, both of which we assume contain 
no singular points of X. 

Note very well that we do not insist that X be smooth (a great many interesting 
solutions would be ignored if we did so). In general we let X^™ denote the open 
variety of smooth points on X. 

Remark 3.9. It is possible for X to be disconnected but we will see below (in 
example 13.131) that this will only lead to points in Grxp. When X is singular the 
condition (c) is more strict than necessary. As is the case in pUl p38], we can allow 
£ to be a maximal torsion free coherent sheaf of rank 1 with x(^) = 2, where 
maximal means that C is not the direct image of a sheaf over some less singular 
curve, and therefore the Jac(X)-orbit of C in the Mumford compactification of 
the Picard group Pic(X) is isomorphic to Jac(X), i.e., Jac(X) acts freely on this 
orbit. 

From this data we construct a point W G Gr{M): the points constructed this 
way will be called of finite type (this terminology is justified by theorem 13.151 
below). To do this, first identify with the circle Cp (and also with pCp by the 
map ( P*0- Let Xq denote the closed non-compact surface X \ (Ap U p(Ap)). 
We define 

(20) w : H%Xo, C)^H; jp*a)/^. 

This is clearly C-linear. Now define W to be the closure of the image of w. 
A simple generalisation of the Mayer- Vietoris argument in [26l §6] shows that 
W G G'r(C^). Observe that since p* is quaternionic on if'^(Xo,£) we have 

jw{a) = w{p*a) 



Since it has degree g — 1 this is equivalent to saying it possesses no non-trivial globally 
holomorphic sections 
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and therefore W G Gr(M.). The non-speciahty condition on C{—P — pP) ensures 
that W lies in the big celL This is not essential, as remarked above, but we 
may as well assume this, since under the QKP flow we can always satisfy this 
condition. 

From the discussion above, we are most interested in the F-orbits in Gr{M). 
The effect of this group action on the spectral data is easily calculated. Clearly 

w{a)-f'^ = {a - jp*a)/{ip-f). 

This twists the trivialisation ip into (fy, which we interpret as trivialisation for 
the line bundle £ ® ^(7)- Here £(7) is a degree zero line bundle obtained by 
glueing the trivial bundles over Xq and clos{Ap) together using 7 as a transition 
function, and glueing that to the trivial bundle over dos{p{Ap)) using 7 (after 
identifying ( with p*C). Since we will need to work with these trivialisations later 
on we will be more precise about this by introducing better notation (and then 
suppress this in most of what follows until we require it). 

The construction of £(7) equips it with triviahsations rp(7) and to(7), over 
Ap U pAp and X \ {P, pP} respectively, satisfying the transition relation 

(21) rp(7) = 7x0(7) over Ap \ {P}, 

and the p*-conjugate of this about pP. So by 'V7" we really mean the triviali- 
sation ipTp{'-)). Using this we obtain 

if°(Xo, C ® £(7)) ^ C-{S\ C); cj/^Tp{-i). 

Now we observe that 

22 — = r\ 

and o"ro(7)~^ G H'^^Xq, C), hence W'y~^ corresponds to replacing £ by £ £(7) 
and by ipTp{'~f). We have therefore proved the following lemma. 

Lemma 3.10. IfW corresponds to the spectral data (X, p, P, £, </?) and 'j G F 
then W'-f"^ corresponds to the same data with C and ip replaced hy C® £(7) and 

Notice that when 7 G F_ the two line bundles are isomorphic and only the 
trivialisation changes. 

A consequence of this construction is the epimorphism of real groups ^ : F — > 
J]r(X), where the target here is the connected component of the identity of the 
real subgroup 

{L G Jac(X) -.yZc^L} 

of the Jacobi variety of X. The restriction of ^ to F+ is still onto. 

We can also characterise the Baker function in terms of the spectral data. Since 
C{—P — pP) ^(7) is almost always non-special (by theorem 13. 3p for almost all 
7 G F there is a unique a-y G H^{X, C{—pP) ® ^(7)) for which a^/ ((^97) has value 
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1 at P: then a/ {p*ip'j) is locally holomorpliic about pP with a simple zero there. 
It follows from these properties that ipwil) = w{a^). 

Remark 3.11. This construction is at its most concrete in the case where the 
trivialising section ip extends to a globally holomorphic section on the whole of 
X. Such a choice is always possible for our spectral data (for example, using a 
non-zero section vanishing at pP) and we can choose Ap so that it contains no 
zeroes of <f. Then ipi = cr^/v? and ip2 = P*o:y/ip are both meromorphic functions 
on X \ {P, pP}. It follows that ipw extends to X \ {P, pP} and we have 



Notice that these conditions on ip do not uniquely specify it. For if D denotes its 
divisor of zeroes we are free to multiply ^9 by a rational function on X which does 
not vanish at P and whose divisor of poles lies in the linear system \D\. Thus 
we cannot talk of a unique global Baker function, but any two differ by such a 
rational function. Nevertheless, in what follows we will use the phrase "the global 
Baker function" to refer to any one of these. 

Remark 3.12. Every other trivialisation of C over Ap is of the form scp, where 
s is a non- vanishing holomorphic function on Ap. This can be factorised into 
s = 7'e**° where 7' G r_. By previous observations we conclude that this change 
of trivialisation has the effect 



It follows that the quotient map Gr{M.) — > Ai amounts to discarding from the 
spectral data almost all the information given by the choice of trivialisation: the 
remainder being the identification it gives between fibres of C over P and pP. The 
further quotient Ai ^ A4 /Fq discards even this information. In particular, when 
dealing with QKP solutions we may as well work with global Baker functions. 

Example 3.13. Consider taking X = Y UY, a disjoint union of two copies of the 
same irreducible complete algebraic curve, with Y equipped with the opposite 
complex structure to Y. Then p : (Pi,P2) (P2,Pi) is a fixed point free anti- 
holomorphic involution. It is not hard to see that if we equip Y with the spectral 
data described in [26], i.e., fix P G F with local parameter a line bundle 
£y over Y of degree equal to the genus of Y and a local triviahsation ip about 
P, then we automatically obtain our quaternionic spectral data, with C given by 
C\Y = Cy and L\Y = p* Cy- It follows that the point W G Gr(H) we obtain has 
the form W = V ®V , where V is the point in the Grassmannian Gr(C) built 
from the data on Y . Therefore, by remark 13.51 spectral curves of this type only 
result in solutions to the KP hierarchy. 

Now let us consider the F_|_-orbits in A^qkp and J^qkv/^o- Let Xp be the 
singular curve obtained by identifying the two points P and p(P) together to 



(23) 



V^y : F+ X X \ {P,pP} H; = ^1 - J^s- 
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form an ordinary double point and define Jr(Xp) to be the connected component 
of the identity of the real group 

{L' G Jac(Xp)|;^~ L'}. 

Lemma 3.14. Jr{Xp) is an -bundle over J^{X). 

Proof. Think of L' as L & Jac(X) equipped with an isomorphism between the 
fibres Lp and Lp(^py An isomorphism between p*L' and L' is a conjugate linear 
isomorphism of p*L with L which identifies the fibre isomorphisms. Therefore, 
given a fixed isomorphism p*L c::^ L we can only vary the fibre identification by a 
unimodular scaling, hence the fibres of J^{Xp) are free S'^-orbits. □ 

As a corollary to remark 13.121 and the previous lemma we see how the real 
groups Jr(Xp) and Jr(X) sit geometrically with respect to the QKP phase space 
•M.QKP- The equivalent theorem for the KP hierarchy is well-known and can be 
deduced from [26] . 

Theorem 3.15. Suppose W G Grgxp is of finite type, then the T^-orbit of 
Ly/ G A^QKP can be identified with the real group JiR(Xp), while the Tj^- orbit of 
[Lw] G A^QKp/ro can be identified with Jir(X). Moreover, Lyr is of finite type if 
and only if it admits only finitely many independent non- stationary QKP flows. 

The last claim in this theorem is explained in §6.11 where we briefly discuss the 
reconstruction of the spectral curve from the QKP operator Lw via its ring of 
commuting differential operators. 

Remark 3.16. It is a natural question to ask whether there are any W G Grgxp 
whose r_|_-orbit lies entirely in the big cell. We can deduce the existence of 
such points by the chain of reasoning which connects certain QKP solutions with 
harmonic tori in and CMC tori in M^, but there is a more easily accessible 
collection of examples available. Namely, I claim that when the spectral curve 
is smooth and has genus g < 2 we can obtain QKP solutions which are globally 
defined (for g = 1 one must avoid certain choices of £). This is quite easy to see. 

We wish is to find C of degree g + 1 for which C{—P — pP) ® L is non-special 
for all L G Jir(X). This is trivial for g = 0. More generally, this J]R(X)-orbit 
lies in the real slice PiCg_i(X)'' of PiCg„i(X). For g = 1 the orbit must avoid the 
unique special line bundle, namely the trivial bundle. Since PiCg_i(X)'' has two 
connected components for g = 1 we can take any C{—P — pP) to be any point 
lying on the component not containing the trivial bundle. For g = 2 the special 
line bundles of degree g — 1 lie in the image of the map X PiCg_i(X) which 
sends Q to Ox{Q)- This image cannot intersect the real slice PiCg-.i(X)^, for if 
Ox{Q) — Ox{pQ) then Q = pQ, but p has no fixed points. Hence ior g = 2 
any choice of real line bundle C of degree 3 provides global solutions to the QKP 
hierarchy. 

Let us finish this section by discussing the Fi orbits. Let us identify Fi with 
C by e^'' ^ z. We wish to characterise the homomorphism i : C ^ Jir(X). This 
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is straightforward: i{z) is obtained from the trivial bundle by twisting it by e^^ 
about P and p*e^^ about p(-P). It follows (cf., for example, [18]) that i is uniquely 
determined by the property that 

(24) d~J-' - dC^\^-'=' 

where Ap : X^^ — * Jac(X) is the Abel map with base point P and we interpret 
this equation by identifying T^'^ Jac(X) with the tangent space Tq Jac(X) of real 
tangent vectors. As a corollary to this and theorem 13.81 we deduce the following. 

Theorem 3.17. Suppose W G Grgxp arises from spectral data and its Ti-orhit 
lies entirely in the big cell. Then there is a lattice A C C for which Lw{z + A) = 
fi{X)~^Lw{z)^{X) for some /i G Hom(A, S^) if and only if i{z) is A-periodic. 

Remark 3.18. This monodromy G Hom(A, S^) corresponds to a flat ^^-bundle S 
over C/A, the principal S^-bundle for the dual L* to our quaternionic holomorphic 
curve L. But we can also interpret this as follows. Using i we can pull back the 
S^-bundle J^{Xp) to an S^-bundle over C/A, which is a Lie group and isomorphic 
to S. This comes equipped with a flat connexion as follows. By the construction 
above we have a natural homomorphism of real groups 

r+ -'ir(-^p) Jr{x). 

When this is restricted to Fi it gives i and a lift £P : C ^ iS on its universal cover. 
This determines a flat connexion on S with monodromy which is, by theorem l3.8l 

/X. 



4. Construction of quaternionic holomorphic curves. 

4.1. Construction via the Baker function. In this section we will suppose 
that W G Gr{M.) has been chosen so that the Fi-orbit of [Lw] is a torus C/A: let 
/i G Hom(A, 5*^) be the corresponding monodromy of L^r. In that case there is a 
quaternionic holomorphic line bundle {E,J,D) over C/A whose Dirac operator 
D has Dirac potential Uw- 

For any left H-linear form a G W* the function ip : C ^ M; ip = a{ipw) lies 
in the kernel of V. It corresponds to a section in H^{E) whenever ip{z + X) = 
/i(A)~^'?/'(z) for all 2; G C, A G A. The dimension of H^{E) will be bounded 
below by the number of independent a G W* possessing the same monodromy. 
In particular, with sufficiently many of these we obtain quaternionic holomorphic 
immersions of C/A in HP". 

Equivalently, to obtain a coordinate free perspective, let C be an H- 
subspace of H-co dimension + 1, and suppose it has the two properties: 

(a) ipw{z) does not belong to V for any z (we will say V is well-positioned in 
W), 
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(b) for every A G A we have 

ijw{z + A) - ^(A)-V^(z) eV,yzE C. 
Then we may define a map 

(25) / : C/A ^ P(iy/\/) ^ HP"; z + A ^ [tpwiz) + V], 

where the square brackets denote the corresponding left H-hne in W/V. 

Theorem 4.1. The map / : C/A — HP" given by (1251) is a quaternionic holo- 
morphic curve. 

The proof is just an instance of the general principle linking quaternionic holo- 
morphic curves to quaternionic holomorphic sections of the dual bundle, but we 
will give it here since it makes explicit the complex structure J on L. 

Proof. Over C the map / has a global lift / = ipw + V'- we can think of this as 
a section of the pullback to C of the line bundle L corresponding to /. This has 
complex structure J for which J f = if. Now 

_df 

*6f — 6f o J : f \—>- —2idz— mod L. 

oz 

But since dipw /dz = —Uw'ipw this is identically zero, whence / is a quaternionic 
holomorphic curve. □ 

Remark 4.2. For every 7 G r_ we know that ipwy = '^wl- Therefore the quater- 
nionic holomorphic curve determined by (1^, V) is congruent (i.e., equivalent up 
to the right action of FGL{n+l, H) on HP", created by the choice of isomorphism 
W/V ~ H"+-'^) to the one determined by {Wj, Vj) when 7 G r_. Similarly, since 
ipwe^'^o = e^**°'?/'vye**'' the curve (l25ll is unchanged, up to congruence of HP", by 
the action of Fq. 

To study the periodicity conditions let us first consider the more general map 

(26) f-.r^nW/V); i^[tPw{l) + V]. 

Here we have extended tpw to a function on F by identifying F+ with F/F_, i.e., 
ipw is constant on F_ cosets. Now let 

Tv = {-r -.W-f = W,V-f = V}. 

Then Fy acts on W/V and we define F^ C Fy to be the subgroup of those 
elements which fix P(iy/V") pointwise. For example, when W = and V = 
Hj^C"^ we have 

Fy = {ao + aiC + . . . G F : ao G C^}, F^ = {oq + OaC^ + . . . G F : Oq G R^}. 

Lemma 4.3. The map f : T ^ F{W/V) in ( 126|) is constant on F__FoFy cosets, 
and therefore it descends to Jy = F/(F_FoFy). 
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Proof. It suffices to check the invariance of / along ToT^ cosets. Let 7' G F and 
7 G rl^, then by (1161) we have 

Therefore, modulo V this is independent of 7. Similarly, by (fT6l) and the proof 
of theorem 13.8( a) , 

(27) ^Pwil'e-''') = e-**Vw^(7') 

and therefore the projective map / is constant along Fo-orbits. □ 

Corollary 4.4. Let £y : C ^ Jv be the homomorphism (of real groups) obtained 
by the composition C ^ Fi ^ F — > jTy- Then / : C — >■ P(H^/^) factors through 
this. Hence a sufficient condition for fl2^ to be A-periodic is that £y be A-periodic. 

4.2. A construction for solutions of finite type. Let us now consider a more 
concrete version of the above construction which applies to solutions of finite 
type. The spectral data (X, p, P, £, v?) provides us with W; we can choose a 
H-codimension n + 1 H-subspace of W as follows. Fix a p-invariant divisor q 
consisting of 2?2 + 2 distinct smooth points in X \ {P, pP}. We will write 

q = Qo + ... + Qn + p{Qo) + ...+ p{Qn). 

We may choose the local parameter disc Ap so that q C Xq. Let W^^ correspond 
to the subspace H'^^Xq, C{—q)) of holomorphic sections of C which vanish on q: it 
is a left H-subspace since q is p-invariant. Since Xq is a Stein manifold it follows 
(by calculating the cohomology of the sheaf exact sequence — > C{—q) ^ C —>■ 
0) that dimc{W/W^) = deg(q) = 2n + 2. 

Remark 4.5. I see no reason why singular points of X should be excluded from 
the divisor q, even in the case where C is not locally free, but since this adds 
complications to the subsequent discussion we will ignore this possibility in this 
article. 

Now consider the dependence of / on the choice of trivialisation ip. By remark 
13.121 any change of trivialisation has the form (p 1— >■ y9e*°"'"**°7' where 7' G F_. By 
remark this only alters / by congruence. Further, a change of local parameter 
( amounts to rescaling the parameter z in the Dirac operator. Therefore it is 
enough to be given (X, p, P, £, q) to have / well-defined up to congruence in 
HP": we may as well take ipw to be the global Baker function. The condition 
above that / be well-defined is that ipw does not vanish on q for any z G C. We 
can think of Wc^ as the kernel of n -|- 1 left H-linear forms evg^, . . . , evq^ on W, 
where evg is obtained by extending the map "evaluation at Q" to all of W (it 
is straightforward to check that eVpQ = evqu for some u G H^). In this case, in 
homogeneous coordinates, and up to congruence in HP", 
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f{z) = [iJw{z,Qo), . . . ,1pw{z,Qn)]. 
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Further, for any H-codimension two subspace V satisfying Wq C V C W we ob- 
tain a projection of / onto P(14^/V") ~ MF^, which will be a conformal immersion 
provided V is well-positioned in W. Equally, this arises from a well-positioned 
two H-dimensional linear system in the dual space {W/Wq}*. 

To study the periodicity conditions for / when it arises from this construction 
we begin by showing that when V = Wq the group Jy appearing in lemma 
14.41 is isomorphic to a real subgroup of a generalised Jacobi variety. Let be 
the singularization of X obtained by identifying the points of q together simply. 
The real involution p descends to Xq, so its generalised Jacobian Jac(Xq) has a 
real subgroup JiR(Xq) which is the connected component of the identity of the 
real subgroup of p*-fixed line bundles over Xq. Let X^™ denote the curve of 
smooth points on Xq (this is just X*^™ \ q) and let A^p : X^™ Jac(Xq) denote 
the Abel map for Xq, with base point P. Let l'^ : €, ^ /^(Xq) be the unique 
homomorphism of real groups determined by the property 
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As earlier, we use the natural isomorphism Te JM(Xq) ~ '° Jac(Xq) to equate 
the left hand side of this equation with the right. 

Lemma 4.6. For a pair {W^Wc) given by spectral data {X, p, P, C,q) in the 
manner above, we have jTiy, — JmiX^) and = i'^. 

Proof. First we note that an equivalent way of describing i'^ above is that the line 
bundle £'^{z) is obtained using transition functions e^^ and e^''*'' to glue together 
trivial bundles as in (1^ . but where X \ {P, pP} is replaced by its singularisation 
Xq \ {P,pP}. This extends naturally to a real homomorphism i'^ : T JiR(Xq) 
by using 7 and p*7 as transition functions. 

Now 7 G ker(^'') precisely when 7 factorises into a product 7 = ajS where 
a extends holomorphically to Ap and (3 extends holomorphically to (Xq)o, i.e., 
(3 represents the boundary of a holomorphic function on Xq which takes the 
same value at each point of q. Clearly F-Fo equals the group of all boundaries 
of the type a, while the boundaries of the type /3 are exactly those which, by 
mulitplication, fix 

H%Xo,C)/H\Xo,Ci-(])) - W/W, 

projectively, since they act by scaling. Hence ker(^'^) = F_FoFp|/_^, whence the 
result. □ 

Remark 4.7. One knows (from e.g., [27]) that Jac(Xq) is a group extension of 
Jac(X): 

(30) 1^ K ^ Jac(Xq) ^ Jac(X) ^ 1, 



THE QKP HIERARCHY 



27 



where i^" is a linear algebraic group. Specifically, if denotes the group of 
germs of non-zero holomorphic functions about q G X then 

where here represents the subgroup of non-zero constants in . The real 
automorphism p* acts on Jac(Xq) and preserves K. Define =C K fl JK(Xq), 
then 

i^K- (C^)"+VK''• 
This is the kernel of the restriction of vr^ to Jk{X^). 

We can now achieve a more precise understanding of how the map / factors 
through Jac(Xc|) by considering the natural twistor lift which every quaternionic 
holomorphic curve f : M ^ HP" possesses. This is a map f : M ^ CP^"^"^ for 
which T o / = /, where T : CP^"^^ ^ HP" is the twistor projection assigning 
to every left C-line in H"+^ its left H-line. The lift arises as follows: the corre- 
sponding line bundle L C H"'*'^ possesses a unique complex structure J for which 
*6f = SfJ. The twistor lift / is given by the complex line subbundle L G L of 
z-eigenspaces of J. Now let / : C ^ H"^-'^ represent ipw + W^q in some choice of 
coordinates on W/Wc^ and write / = H/. It follows from the proof of theorem 
Othat f = Cf. 

Theorem 4.8. Given spectral data as above, the natural twistor lift of f : C —>■ 
HP" is a composite of the form 

(31) / : C ^ Jac(Xq) Cp2"+\ 
where 6 is a rational map. 

Proof. We will show that / comes from a construction similar to the one given 
in [in] for harmonic tori. To this end, let S —>■ Jac(X) denote the complex rank 
2n + 2 vector bundle with fibres £l = H^{X, {C®L)^). It was shown in [19] 
that we can embed Jac(Xq) into the bundle of (complex) projective frames of £ 
and therefore the tautological section of vr* Jac(Xi,) globally (and algebraically) 
trivialises bundle P£^' of complex projective space of £' = 7r*£^, by canonically 
identifying each fibre of F£' with FH°{X,C^) ^ CP^"+\ This works as follows: 
each point of Jac(Xq) should be thought of as a line bundle L G Jac(X) equipped 
with a trivialising section of Lq determined up to scaling. This fixes a projective 
identification of (£(8>i^)q with £q by tensor product. We will denote this canonical 
trivialisation by 

(32) t:¥£' ^ Jac(Xq) x P/7°(X, C^). 
Now define 

U = {L' E Jac(Xq) : C{-P - pP) (g) 7rq(L') is non-special}. 
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This is an affine open subvariety of Jac(Xq) and it is a consequence of theorem 
13.31 that J]R(Xq) n W is the complement of a real analytic subvariety of JiR(Xq). 
For each L G 7rq(W) the vector space H^{X, C{—pP) (g) L) is one-dimensional and 
therefore the bundle FS' possesses an algebraic section s : U ^ F£' corresponding 
to the injection 

(33) H%X, C{-pP) ® L) ^ H\X, C®L)^ H\X, {C ® L)q). 

Now we define 9 : Jac(Xq) — ^ CP^""*"^ hj 9 = t o s, having fixed some projective 
linear identification of FH^(X, C^) with CP^""^^. This is algebraic on the affine 
open subvariety U and therefore rational. The theorem is proved once we have 
shown that, via the identification 

H\X,C,) = H\Xo,C)/H%Xo,Ci-q)) ^ W/W„ 

derived from (120!) . the map / corresponds to ^ o i'^. To see this we note that 
i'^{z) is defined using the transition relation fl21l) to glue together the trivial 
bundles over X\Xq and (Xq)o, and therefore can be thought of as i{z) equipped 
with the trivialisation tq{z) restricted to q. But now we recall that the global 
Baker function in (!23l) is the result of applying ( |20l) to the global section a-y G 
H^{X, C{—pP) ® ^(7)) pulled back to a section of C over Xq by azT^i^z)^^ . 
When we restrict this to £q we see that this generates the line r o s o £1(2;) in 
H^{X, C^). Hence f = 9 o i\ □ 

Remark 4.9. From the previous proof we see that / = T o / is directly obtained 
from the H-line subbundle of S' whose fibres are the left H-lines if'^(X, C®L)c 
H^{X, (£(g)L)q). Notice that if W^q C C for a well-positioned H-codimension 
two subspace V and /y : C — > HP^ is the corresponding projection of / then the 
twistor lift of fv is the projection of / onto CP^, i.e., the map 

fv-.c^ Mw/vy, z ^ C.(/>) + V^)). 

Now we return to the question of when the map / is doubly periodic. 

Theorem 4.10. Let / : C ^ HP" correspond to the spectral data above and 
suppose that it is linearly full (i.e., its image does not lie in some E[P"~^j. Then 
f and I : C Jac(X) are simultaneously A-periodic if and only if is A-periodic. 

This implies that the monodromy of the corresponding Dirac potential (HI) is 
that of the fiat S'^-bundle S over C/A described in remark [3.181 

Proof. That the A-periodicity of i'^ is sufficient follows at once from corollary 
14.41 Now suppose both / and i are A-periodic. Then / is A-periodic, and 
determines a homomorphism 

h-.A^K^C ker(7rq); h{X) = r{X). 

In this situation we can use [THl Lemma 1] to deduce that there is an injective 
homomorphism of into FGL{n + which allows us to write f{z + A) = 
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f{z)h{X) for all A G A. Now since / is linearly full we can, after possibly a 
congruence, find homogeneous coordinates for f{z) so that these are all non-zero 
at some z, hence h must be the identity, whence i'^ is A-periodic. □ 

Remark 4.11. I was unable to find a way to remove the assumption that i be A- 
periodic: it amounts to the difference between knowing that the Dirac potential 
has A-monodromy (jlj) (which follows from the periodicity of /) and knowing 
that the full QKP operator Lw has A-monodromy (i.e., [Lw] is A-periodic). The 
former implies the latter if one knows a priori that the QKP Baker function has 
property (c) of theorem (12. ip . We will see later in the article that under the 
assumption that i is A-periodic we do get agreement of the two Baker functions. 

Remark 4.12. In the case where X has genus or 1 the map i : C ^ Jac(X) 
is not injective, so the periodicity condition on £ does not uniquely determine a 
lattice A C C. But the arithmetic genus of is at least 2n + 1 > 3 hence £q 
is always injective, therefore it uniquely determines the lattice A when such a 
lattice exists. 

Finally, let us note a condition under which the conformal torus in MF^ can be 
immersed in M^, at least in the case where X is a smooth curve. Recall from the 
discussion at the end of §2.11 that f : M ^ S'^ lies in some M'^ if and only if E is 
a spin bundle, hence if and only if 5 is a spin bundle. 

Proposition 4.13. When X is a smooth curve the bundle S above is a spin 
bundle if the divisor P — pP has order two (in which case X is hyperelliptic) . 

Proof. One knows (e.g., from [27]) that pulling back line bundles along the Abel 
map gives an isomorphism between Jac(X) and its dual Jac(X)* (the moduli 
space of fiat line bundles on Jac(X)). One also knows from [27, VII] that the 
flat line bundle over Jac(X) with principal bundle Jac(Xp) is pulled back to 
Ox{P — pP)- Hence iS is a spin bundle whenever Ox{2P — 2pP) is trivial, i.e., 
when P — pP is a divisor of order two. □ 

5. Darboux transformations. 

We will follow the notion of Darboux transformations introduced by Bohle et 
al. in [3]. It generalises the classical notion of a Darboux transform between 
isothermic surfaces in S^, in which both surfaces envelope the same sphere con- 
gruence. 

Let us recall first, from [5j, that we can identify the set of all oriented round 
2-spheres in with the set 

Z = {S e EndH(tf ) : = -I}. 

This identification gives to each S E Z the 2-sphere {L E HP^ : SL = L}, which 
we will also denote by S. The orientation is given by the complex structure each 
2-sphere inherits from S. Given a Riemann surface, M, a sphere congruence is a 
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map S : M Z. Now let / : M — S''^ be a conformal map. We say / envelopes 
a sphere congruence S : M ^ Z ii f{p) G S{p) and the oriented tangent plane 
of f{M) at f(p) agrees with that of S{p). In terms of the line subbundle L G 
corresponding to /, these two conditions can be expressed as 

SL = L, and * 6f = S6f = 6fS. 

It is a classical result that two conformal maps which envelope the same sphere 
congruence must both be isothermic (see P, Cor. 67, p78] for a modern proof), 
therefore Bohle et al. [3] (see also [1]) relax the condition slightly to achieve a 
broader class of transformations. We will say a conformal map f : M —>■ 
left-envelopes a sphere congruence S : M —>■ Z if f{p) & S{p) and their oriented 
tangent planes agree up to action of SU2 on Tf(^p)S'^ as the left component in 
the epimorphism SU2 x SU2 SO 4 (the notion of a right-envelope is defined 
similarly). In terms of the line bundle L the property of being a left-envelope can 
be expressed as 

SL = L, and *6f = S6f. 

Definition 5.1 ([3]). Let f : M ^ S"^ be a conformal map of a Riemann surface 
M. Another conformal map f'^ : M ^ S^ is a Darhoux transform of f if f{p) 7^ 
/"(p) for all p & M and there exists a sphere congruence S : M ^ Z which is 
enveloped by f and left- enveloped by In terms of the line bundles L^L^ this 
means 

(34) = L © L\ SL = L, SL^ = L\ *6f = S6f = 6fS, and * 6f^ = S6fK 

Strictly speaking, we want to allow singular Darboux transformations of a 
torus: those for which L fl LMs trivial except at finitely many points (see [3]). 
We want to understand what Darboux transformations look like for maps arising 
from a pair [W, V) of the type above. First we invoke a simple result from [3] 
which gives a neat characterization for Darboux transforms. 

Lemma 5.2 ([3J). Let f,f'^:M^ M¥^ , with corresponding line bundles L,L'^, 
be conformal immersions so thatm^ = LQ)LK Then f^ is a Darboux transform 
for f if and only if *5f'^ = JSf^ where *5f = 5fJ and we identify /L" with L 
using projection along the splitting. 

It is easy to check that the sphere congruence which is enveloped by / and 
left-enveloped by /" is given by 5*1^ = J and S'l^^tt = J where *6f = JSf, again 
using the splitting to identify L" with /L. 

Lemma 5.3. Let f : M ^ F{W/V) ~ HP^ be the conformal map defined by 
equation 1^. Given A G C, < |A| < 1, define Wx = W{1-XC), Vx = V{1-XC) 
and let f^ : M' HP^ be the map corresponding to the pair {Wx, Vx)- Then f^ 
is a Darboux transform of f over their common domain M fl M' . 
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Proof. We assume, without loss of generality, that M = M' is an open domain in 
C. Let V = Wa/Va and let /, : M ^ PV denote the conformal maps with lifts 

/ = ,IJw{l - AC) + Vx, = ilJw, + V^A, 

and line subbundles L, L'*' C M x V. From the proof of theorem 14. II we know that 
*5f = 6fJ for Jf = if. I claim that there is a function 6 : M EI for which 

(35) f^ = bf' - jf. 
Therefore 

Sf\f') = -dzjf. 

It follows that, since A is complex, *6f^ = JSf^. In light of the previous lemma, 
this proves the theorem. 

It remains to verify equation ( l35l) . This is a direct result of an identity for 
Baker functions. Set 

These have respective Fourier series expansions 

^lJ = (-AC + (1 - aA) + . . .)e^^ 
= (1 + a\-i + . . .)e"'^. 
Therefore there is an H-valued function b for which 

ii^z + - bij^)e-'^ = mod 0(C"^). 
A 

Since W^e"^^ is transverse to almost everywhere (theorem 13.31) . the right 
hand side must be identically zero. Equation (IH^ follows. □ 

Notice that (1 — AC) G r+, since its only zero is at A~^. It is clear that the 
proof above still works if we replace (1 — AC) by any representative in the coset 
(1 — AC)r_ G r/r_. it follows that in the case where C C for some 
p-invariant divisor q G X \ {P, pP} this Darboux transform acts on the spectral 
data by fixing everything except the pair C, ip, which it transforms by 

(36) (£,</.) ^ (/:«,¥.«), = C{Q + pQ-P-pP). 

where C{Q) = A^^ and (f^ is a local trivialising section of over Ap. In fact, 
provided Q is not in the support of q, the transform (IHUj) always yields a Darboux 
transform. 

Theorem 5.4. Let / : C/A — > HP"^ be a quaternionic holomorphic torus cor- 
responding to the spectral data {X, p, P, C,q) and a choice of well-positioned two 
dimensional linear system H C (W/Wq)*. Assume that £ : C — >• Jac(X) is 
A-periodic. Let X™ be the variety of smooth points in X^. Then for every 
Q G X^^\{P, pP} there is a Darboux transform f^ of f arising from the spectral 
data obtained from the transformation fl36p . 
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The linear system H is spanned by two forms each of which is a H-hnear com- 
bination of evaluation maps evg^ , . . . , evg,^ . Therefore corresponds to the 
linear system H'^ C (W^/W^q)* determined by the same combination of evalua- 
tions. Since both £ and / are assumed A-periodic theorem 14.101 ensures that i'^ 
is A-periodic, and therefore the Fi-orbit of in Pic(Xq) is isomorphic to C/A. 
The proof now follows from theorem 15.31 by choosing a coordinate disc on X cen- 
tred at P and containing Q but not any points in q. The singularities of such a 
Darboux transform correspond to points where the Fi-orbit of W'^, the point in 
GrQKp corresponding to the transformed spectral data, leaves the big cell. 

6. Spectral curves. 

One of the main observations made in [3J is that the family of all Darboux 
transforms of a quaternionic holomorphic torus is essentially parameterised by 
the normalisation of the multiplier spectral curve and gives an immersion of it 
in CP^. In this section I will explain the relationship between the three types of 
spectral curve: the QKP spectral curve X which we have been working with, the 
curve of Darboux transforms and the multiplier spectrum. 

6.1. The QKP spectral curve. In the construction of W & Crgxp from spec- 
tral data we use the map w in fl2U|) . When this is restricted to the algebraic 
sections of £ over Xq (i.e., those which have only poles at P, pP) we obtain 
an open dense subspace W^^^ C W. The elements of W^^^ are algebraic in the 
sense that their projections onto if+ are polynomial in (. Now if A denotes the 
coordinate ring of X \ {P, pP} its real subalgebra 

A^ = {heA:'^=h}, 

acts on W^^^ by right multiplication, since w{ha) = w{a)h (where on the right 
hand side we restrict h to the circle Cp). Therefore 

AP^Aw = {he C"(5\ C) : W^^h C W^^}. 

In fact it is easily shown that this inclusion is onto, so that A^ ^ Aw- Thus we re- 
cover X\{P, pP} as Spec(^^), where A^r is the complex subalgebra of C"^(S'\ C) 
generated by Aw Now (H^^'s)*^, the complexification + W^^i C H, is a 
torsion free ^^^-module and this recovers the rank one torsion free coherent sheaf 
C equipped with the trivialisation implicit in the inclusion (W'^^^)'^ C H^.^ (B H^. 

Now, in analogy with the KP case, it is clear that we can assign a commutative 
algebra Aw to any W G Gt-qkp, but in general this will not be very useful: 
typically Aw = and even if it is not so trivial we only obtain spectral data of 
the type we desire when (ly^^s^c jg locally rank one. Nevertheless, we can always 
obtain A'' as a commutative algebra of differential operators over H, and this 
connects us to the stationary QKP flows. The proof of the following lemma is 
obtained mutatis mutandis from [2Sl Remark 6.4]. 
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Lemma 6.1. Given W G GrQKp to each h G Aw there is a unique pseudo- 
differential operator P{h) G Zq{Lw) for which the differential operator part -P(/i)+ 
satisfies P{h)+ipw = 'ipwh. The M-algebra {P(/i)+ : h G Aw} is isomorphic to 
Aw- It follows that [P{h)^, Lw] = and therefore the QKP solution correspond- 
ing to W is stationary for every flow dpi^h) ■ 

One consequence of this lemma is that Lw admits only finitely many inde- 
pendent non-stationary QKP fiows precisely when the algebra Aw possesses an 
element of every sufficiently high order, and therefore {W'^^^)'^ is locally rank one. 
Hence Lw is a solution of finite type. 

Example 6.2. Consider, in light of proposition 14.131 the case when W comes from 
a smooth X for which the divisor P — pP has order two. Then there exists 
a rational function A of degree two on X with divisor 2P — 2pP and we may 
normalise this so that p*X = ±A~^. Let us examine the case p*X = (the 
other sign choice leads to similar conclusions). This means both A + A^^ and 
i{X — X^^) belong to Aw- Now we may choose ( = ^/X about P and therefore 

wCii + C')cw, WtCii-C')cw. 

From the previous lemma we deduce that every "even" fiow in the QKP hierarchy 
-52,^2,-54,^4, . . . leaves Lw stationary. This corresponds to a subhierarchy of the 
QKP hierarchy which I believe is called the modified Novikov-Veselov hierarchy: 
it sits in relationship to the QKP hierarchy just as the KdV hierarchy sits in 
relationship to the KP hierarchy. 

6.2. The curve of Darboux transforms. Assume we have a quaternionic holo- 
morphic torus / : C/A HP" obtained from spectral data (X, p, P, £, q) as 
described above. According to Bohle et al. p] there will be a holomorphic curve 
in CP^ given by the Darboux transforms of any torus in HP^ obtained from / 
by projection. We are going to use the interpretation of the Darboux transform 
given in fl36p to work directly with / and view the curve of Darboux transforms 
as an algebraic curve in CP^""*"^. For this purpose, let f^ be the quaternionic 
holomorphic torus obtained from the transformation ( 136|) . Any projection of / 
onto HP^ then has a Darboux transform by applying the same projection to 
(see remark US]). 

Following \3\, since f^ = f^^, a direct consequence of theorem 15.41 is a geo- 
metric realisation of the Klein surface X^^/p (recall that X^™ C X\q is the 
subvariety of smooth points), since we obtain from it a map 

(37) F : (C/A) X (Xl^/p) HP"; (p, Q + pQ) ^ /«(p). 

Here we define f^ = f- An immediate consequence of theorems 14.81 and 15.41 is 
that this factors through the generalised Jacobian Jac(Xq) via 

(C/A) X {X'^/p) ^ Jac(X,); {z, Q + pQ) ^ ^\z) Ox,{Q + pQ - P - pP). 
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Post-composition of this with ToQ : Jac(Xq) — HP" (cf. remark |49|) gives us F. 
For each p G C/A let us define 

: X;^/p ^ HP"; UQ) = FiP, Q) = fiv)- 

Generahsing the discussion in [3J , since each is equivalent to a complex quater- 
nionic line subbundle C H"'*'^ the complex lines (which we recall are the 
z-eigenspaces of the complex structure on L^) provide a twistor lift 

(38) 4 : ^q"" ^ Cp2"+\ Q^L^ C W"+\ 

The image of C,p will be called the Darhoux spectral curve. This twistor lift has 
an elegant description, in terms of the generalised Jacobian construction of ^p, 
which follows from theorem I4.8[ 

Let S'^Xq™ denote the symmetric product of X^™ with itself; equally, think of 
it as the set of all divisors of degree two supported on X^™. Because X^™ excludes 
q and all singularities of X, this symmetric product admits an Abel map 

(39) Al^^p : S^X'^ ^ Jac(Xq); A + B ^ OxM + B - P - pP). 

We can embed X^™ algebraically in S'^X^™ via Q ^ Q + pP; we can also embed 
Xq™/ p real algebraically by thinking of it as the curve of pairs Q+pQ for Q G X^™. 
By post-composing each of these with the Abel map (l39l) we obtain 

a : X^- Jac(Xq); Q ^ Ox, {Q - P), 

(5 ■ X7/p ^ Jac(Xq); Q + pQ^OxSQ + PQ-P- pP)- 
From the discussion above we see that, if C corresponds to the base point p G C/A, 

ip = Toeo[3. 

Theorem 6.3. The twistor lift of^p defined in (|38l) equals 9oa and is therefore 
complex algebraic. 

This can be summarised by the following commutative diagram, in which the 
top line is the algebraic map ^p and the bottom line is ^p. 

Xq^^ A Jac(Xq) ^ CP2"+^ 

(40) i i T 

Proof. First we note that Oxc^ {A + B — P — pP) can be thought of as the bundle 
Ox{A + B — P — pP) together with the fibre identification over q uniquely de- 
termined by the rational section with divisor A + B — P — pP (there is only one 
of these, up to scaling). Consequently the canonical trivialisation of the complex 
projective bundle W'8' over Jac(Xq) (described in the proof of theorem 14. Sp works 
as follows over a(Xq™). Let ctq be a non-zero rational section of Ox{Q — P) 
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with divisor Q — P. Then the canonical triviahsation of P£' identifies fibres over 
a{X^^) via 

H%X, C{Q - P)q) ^ H\X, s/aQ, 
thinking of restricted to q. Similarly, over we have 

H\X, ^ H\X, s/ {aQp*aQ). 

Now recall from flH^ that ^ is the result of applying this triviahsation to the line 
subbundle of S' which picks out the complex line 

(41) H\X,C{-pP)(E)L) cH''{X,{C(E)L),) = S'l,, L = 7r,(L'), 
while its twistor projection Tod corresponds to the quaternionic line 

H\X, C®L)C H\X, (£ ® 

We claim that 

(42) eoa{Q)=eoj3{Q + pQ), 

and this proves the theorem since the proof of theorem 14.81 shows us that ^p{Q) = 
9 o j3{Q + pQ). To prove the claim, follow the composition 

H\X,CiQ-P),) ^H\X,C,) ^H\X,C'^y, 

s ^ s/cxq ^ {s/aQ)aQp*aQ = sp*cxQ. 

When 6 is restricted to a(X^™), i.e., when L = Ox{Q — P) in ( HTi) . the result 
of this composition is (the restriction to q of) a globally holomorphic section of 
C^{—pP), since the simple pole of p*crQ lies at pP where s has a zero. This 
proves (112]). □ 

6.3. The multiplier spectrum. Here we will examine how the multiplier spec- 
trum Sp{L*,D) is related to the spectral curve X in the case of a quaternionic 
holomorphic curve L arising from spectral data in the manner of section 14. 2[ 

Suppose that we have a conformally immersed torus / : C/A — HP^ of finite 
type, with spectral data {X, p, P, C, q), i.e., we suppose that the map : C ^ 
Jr{X) is A-periodic. We may as well assume q is the largest p-invariant divisor 
of distinct smooth points which we can choose with this property. We will show 
how the multiplier spectrum Sp(L*, D) arises from the sections of 7r*L* obtained 
by evaluating the global Baker function at different points of X \ {P,pP}. 

To X we can assign the subgroup 

= {7 G r : 7 extends hoi. to h : X \ {P, pP} ^ C^, = h, }. 

Notice that r_ fl Tx = while Tq fl Tx = {!}• Clearly we have an exact 
sequence 

1 ^ T^ToTx ^ r ^ MX) 1. 

In particular this gives us homomorphisms 

p : ker(£) ^ Tq; X- ker(^) Tx 
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defined by the unique factorisation 

7 = 7-P(7)~^x(7), 7 e ker(^), 
where 7_ is normalised by 7_ = 1 + 0{(~^). 

Lemma 6.4. The global Baker function ipy/ for this spectral data satisfies 

(43) Vu^(t' + t)=/i(7)"Vw^(t')x(7)- 

whenever 7 = 7(t) G r+ fl ker(£), 

Proof. The transformation due to Fq comes directly from equation (1271) . So let 
us assume 7 has trivial Fq factor and that ^(7) ^ Ox- Since we are dealing 
with a global Baker function there is a trivialisation ip over P which extends 
holomorphically to X. Let v'(7) be the trivialisation for C ® £(7) obtained by 
twisting the 1-cocycle for (£, ^p) by 7. Then 

where a is the global section of C{—pP) normalised by a\p = ip\p. Since 7 = 
7_x(7) by assumption, the isomorphism £ ® £(7) ~ C equates (fj- with ip{'j), 
hence 



7;* ^ 



V'w(7) = (- - J— )7-S = V'i4^(l)x(7)- 

if 

Equation (H3l) follows easily from this by replacing £ with C (8> ^(7')- ^ 

Now let us restrict £ to Fi ~ C. Here it has kernel A and we obtain homomor- 
phisms 

fi:A-^S'; X : A ^ Fx. 

We may think of x as a function on A x X \ {P,pP}. Thus to each point 
Q & X \ {P, pP} we get a function ipwi^, Q) : C M. with the properties 

V^w{z, Q) = 0, ^w{z + A, Q) = p{X)~^^w{z, Q)x{K Q)- 
Hence x{KQ) e Sp(L*,D). 

Theorem 6.5. Lei / : C/A -> HP^ 6e a non-constant conformal immersion of 
finite type from Grqxp, with global Baker function ip{z,Q) on C x X \ {P, pP}, 
and for which the fiat bundle L* has monodromy p G Hom(A, S^). Define 

x:AxX\{P, pP}- x(A, Q) = m Q)- V(A)^(A, Q). 

For any pair of generators Ai, A2 of A the holomorphic map 

(44) X \ {P, pP} ^ Sp(L*, D); (x(Ai, Q),x{\2, Q)) 

is surjective onto Sp{L* ,T>) . Moreover, this map factors through the covering 
mapX\{P,pP}^X,\{P,pP}. 
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Proof. This map is clearly liolomorphic and non-constant when / is non-constant, 
and therefore the image is an analytic subvariety of S]i{L*,D). The image also 
contains annuli about each of P, pP, by the symmetry of the real involution. Since 
Sp{L*,D) has at most two irreducible components, one about each of P,pP, the 
image must agree with Sp(L*, D). At each point of Q G q we know from theorem 
I4.1UI that ipi^yQ) corresponds to a quaternionic holomorphic section of L*, i.e., 
it has trivial multiplier. Hence the map fl44p factors through Xq. □ 

6.4. The spectral curve of a conformally immersed torus in HP^ with fiat 
normal bundle. The multiplier spectrum Sp(L*, D) of a conformally immersed 
torus is a non-compact analytic curve. The immersion is said to be of finite 
type when the normalisation of this curve can be smoothly compactified into a 
Riemann surface S with finite genus. Taimanov [3T] initially proposed that E 
should be the spectral curve, and this is the definition used in [3ii4j. But S lacks 
the subtlety necessary to be useful, because it throws away crucial information. 
It does this at two levels: (i) it throws away the information contained in the 
divisor q, (ii) unless X is smooth, which it need not be, it throws away the 
information of singularities in X. Examples of the latter case have been discussed 
by Taimanov himself, in the context of the generalised Weierstrass representation, 

in [aniEsiEi]. 

A potent illustration of this lies in the case where E is the Riemann sphere Coo- 
Here pretty much all useful information is lost in the normalisation. For example, 
as we saw in example 12.21 every Hamiltonian stationary Lagrangian torus has 
E ~ Coo- In this case we also have X ~ Coo (see example 16.61 below) so all the 
relevant information about the map is contained in the divisor q. There are also 
conformally immersed tori for which X is rational but not smooth. For example, 
there are rational curves with only double points for which : C — > Jac(Xq) is 
A-periodic for some lattice A, and it seems the arithmetic genus of these curves 
can be arbitrarily large. I expect these will not be the only examples, so that 
E ~ Coo hides a great deal of inequivalent information. 

The virtue of the unnormalised multiplier spectral curve Sp(L*,D) is that it 
is directly constructed from the Dirac operator, equally, the quaternionic holo- 
morphic structure {L*,D). This means that it is more properly an invariant 
of the quaternionic holomorphic curve / : C/A HP" given by ([T]) (where 
n + 1 = dime -??£)(-£')). Provided we take q to be the maximal divisor on which 
the multiplier of the Baker function is trivial, Xq is likewise an invariant of this 
quaternionic holomorphic curve. Congruence of / in HP", which is the natural 
equivalence relation on such curves, gives a broader equivalence than congruence 
of any of the projections of / into S'^, but it is clear from all the discussions above 
that this is the correct notion of equivalence from the point of view of spectral 
data. The virtue of Xq over Sp(L*, D) is that it is algebraic and has no spurious 
singularities. The next example illustrates the importance of the divisor q to the 
spectral data: we see that when X = Coo the choice of q governs everything. 
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Example 6.6. Set X = Coo, which comes equipped with a rational parameter rj. 
Define the real involution p by p*r] = —fi~^ and set ri{P) = oo, so ri{pP) = 0. All 
holomorphic line bundles of degree (yf + 1 = 1 on X are isomorphic, so we may as 
well choose C = 0{pP). Fix e G C to have e < 1 and now define C, = et], so that 
Id = 1 on the circle Cp = {t] : \ri\ = |e|~^}. It follows that Cp fl p{Cp) = 0, so 
that we have an admissible collection of spectral data {X, p, P,()- We choose ip 
to be the unique global section of C vanishing at pP. With this data we obtain 
the global QKP Baker function 

tPi^X) = (1 - jeC"^) exp(2;C - ^|e|\"^) = {1 - jr]~^) exp{zer] - zer]~^). 

Consequently the Dirac potential is U = je. As we noted in remark |4. 121 there is 
no lattice A determined by this data: it appears when we choose points on X at 
which to evaluate tp. 

For Qo E X \ {P, pP} with rj^Qo) = go the function ip^ZjQo) has monodromy 

e Hom(A, 5*^) for some lattice A if and only if 

/i(A) = exp(Aego — ^(^Qo^) = ±1; A G A. 

In that case 

(45) zeqo - zeq^^ = 7Ti{Po, z), 3/3o G A*. 

As in example 12.21 the inner product on the right is the standard one on C 
This implies two conditions, ego = 7ri/?o/2 and |e| = 7r|/?o|/2, which together 
require |go| = 1. Given this, the choice of Qo fixes one generator for the dual 
lattice A*. Now choose another point Qi, with rj{Qi) = qi satisfying |gi| = 
1. We obtain a dual lattice A* with generators Po, Pi (where /?i is obtained 
from gi via (H^ mutatis mutandis) for which iIj{z,Qq), ip{z,Qi) have the same 
monodromy provided (/?i — /?o)/2 G A. This lattice is completely determined by 
Qo, Qi provided Qi ^ pQ^. Without loss of generality we may assume go = ^, 
and therefore the Dirac potential \s U = |/3oj. Now let q be the divisor of all 
points in the set 

S = {Qm^X: r]{Q„,) = ia/Po, 3a G A*, |a| = \/3o\, (« - /5o)/2 G A*}. 

This is the largest set of points on which all functions ipmiz) = 4'{z,Qm) have 
monodromy p and from it we obtain a quaternionic holomorphic curve 

/ : C/A ^ HP"; / = [t/^q, . . . , V^J, 7/>^(z) = i:{z, QJ, 

where deg(q) = 2n + 2. 

Remark 6.7. It has already been observed (in pi, fTT]) that S ^ Coo for every 
Hamiltonian stationary Lagrangian torus in M^, whereas the approach in |21j . 
working through Riemannian geometry, provides a spectral curve for a HSL torus 
which is a much richer object, subtle enough to provide a complete classification 
of HSL tori in as Riemannian submanifolds. 
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A comparison with example 12 . 21 earlier shows that Xq is obtained from Sp(L*, D) 
by a partial resolution of singularities: it keeps the essential information about 
where the multipliers are trivial but discards the singularities caused by coinci- 
dental agreement of the multiplier functions xi^iy Q) and x('^2, Q)- 

This prompts the question of how to describe Xq as a cover of Sp(L*, D) without 
passing through the QKP construction. I suspect the answer is something like 
the following: the kernel of the Dirac operator should determine over Sp(L*, D) a 
coherent analytic sheaf £ whose sections represent functions il){z, () which satisfy 
T>ip = for each (, are holomorphic in (, and have the appropriate multiplier 
at (. The sheaf of algebras Hom{S,S) would be the model for the structure 
sheaf of X \ {P,pP}. Notice that this is consistent with the construction of X 
as the compactification of Spec(^;^) since Aw is isomorphic to an algebra of 
operators preserving the kernel of V. This instantly makes S a maximal sheaf 
over X \ {P, pP} (see remark I3.9P which should be both rank one and torsion 
free. 

7. Final comments and questions. 

Integrable deformations. In the theory above, and in the literature in general, 
there no satisfactory description of how the QKP flows provide deformations of 
conformal tori. The principal problem is the geometric meaning, if any, of the 
Lax equations Vt = [V, P]. There are several aspects to this: 

(a) these equations at best define a deformation for ker(P) C T{E) and there- 
fore one expects the proper place for understanding these equations lies 
in the theory of quaternionic holomorphic curves in HP" rather than con- 
formal tori in S^, 

(b) each differential operator P needs to have the same monodromy as V 
in order for the equations dfip + P'ip = to induce equations on T{E). 
At the bottom of this is the question of whether or not T> determines a 
unique QKP operator L with the same monodromy as V (and for which 
[T>,L] = 0). Calculations suggest this is true, but I have not seen a proof 
of this (even in the special case of the Dirac operator for conformal tori in 
M^) and I was unable to construct a proof myself. 

Tori which are not of finite type. The convergent Baker function requires an 
open parameter disc about P G X on which to exist. When the conformal torus 
is not of finite type it seems there are two possibilities: (a) that the branch 
points of the multiplier spectral curve converge fast enough "at infinity" for a 
theory of infinite genus spectral curves (e.g. [HEl]) to apply, (b) that the branch 
points cannot be controlled near infinity sufficiently well to allow such a theory. 
Unless one can prove that ) holds for all conformal tori, one has to question 

whether there is any application of integrable systems techniques to tori for which 
case (b) holds. A related question, raised by Taimanov is whether tori of 
finite type are dense in the space of all tori (in some suitable topology). 
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N on- is o spectral Darboux transformations. Theorem 15.41 is reminiscent of the 
theory of Darboux-Backlund transforms for finite type solutions of the KdV hi- 
erarchy [7] (this is no accident: the two are related via the theory of periodic 
discrete conformal maps [12j). In [7] Darboux-Backlund transforms could also 
be obtained by choosing data at singular points of the spectral curve, but such 
transforms are not isospectral. Discussions with K Leschke reveal that there is 
a similar phenomenon for the Darboux transformations of conformal tori: when 
a point on the multiplier spectral curve corresponds to dim(ker(D) > 1 one can 
find non-isospectral Darboux transforms. Such points correspond to singular- 
ities on X. An important property of the non-isospectral transformations for 
KdV solutions is that singularities can be both added and removed: it would be 
very interesting to see if a similar situation applies to the Darboux transforms of 
conformal tori. 

Appendix A. t-functions. 

Our aim is to prove theorem 13.31 To do this we draw heavily on similar results 
proven in [26], but rather than use the theory of r-functions for Gr(C^) we will 
reduce everything to expressions using the r-functions for Gr{C) since this gets 
us more quickly the result we desire. I will assume some familiarity with [2S] and 
where possible use identical notation. 

Let us quickly recall what we need. Let H denote L^(S'\C). To each S* C Z 
for which both \ N and N \ 5 have the same finite cardinality (so S has zero 
virtual cardinal, in the terminology of [26]) we assign the closed subspace TCs C H 
spanned by {C^^ : sj E S}. A closed subspace V C TC belongs to the Segal- Wilson 
Grassmannian Gr{C) precisely when it is the graph of a Hilbert-Schmidt operator 
Tis — > Tig for some S. To any admissible basis of V (which we think of as a 
linear map v : V) we can assign Pliicker coordinates 

= det{vij)ij(zn, for Vij = {v{C^), C')- 

We recall that vanishes if and only if the orthogonal projection V — > Tis fails 
to be invertible. Our main tool will be the the r-function: 

(46) : r+ ^ C; ry(7) = det{v+ + a-^bv^). 

where 7 = exp(ziC + Z2C^ + • • •)' the action (by multiphcation) of 7 on © 
is represented by the block matrix 




This function vanishes precisely when 7 o leaves the big cell. A crucial result 
for our purposes is [2S1 Prop 8.3], which states that 

s 
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Segal & Wilson showed that rsi^j) is a polynomial in zi, Z2, ■ ■ ■ related to the Schur 
polynomials and consequently proved (in [261 Prop 8.6]) that for any V G Gr{C) 

(47) Ty(-2i, 0, . . .) = cz^ + higher terms, 

where c 7^ 0, m G N. 

Proof of theorem \3.3[ We will think of H as L'^{S^, C^). First recall the isometric 
isomorphism t : H ^ H, {u{(),v{()) 1— *• u{(^) + C'J^(C^)- This identifies (jr(C^) 
with Gr{C) and we deduce that: (a) each W also has Pliicker coordinates by 
this identification, (b) W G G'r(C^) if and only if it is the graph of a Hilbert- 
Schmidt operator Hs — > where t{Hs) = Hs- We can write 

^5 = ®ns, cn®n = H, 

where So = {j : 2j G 5} and Si = {j : 2j + 1 E S}. We cannot claim that 5*0, 5*1 
have equal virtual cardinal (although when they do this must clearly be zero). 
However, when W G Gr(E[) it follows from jW = W that 7^ precisely when 
5*0 = 5*1. Now let us consider the action of r+ x r+ on H: 

(70,71) ° {u,v) f-^ (7oU,7it;). 

We define a r-function for this group by setting 

fvy : r+ X r+ C; rvy(7o,7i) = det(w;+ + a'^hwJ) 

where w : ^ is some choice of admissible basis and a, b are the appropriate 
entries in the matrix representation for the action of (70, 7i)- This function 
vanishes precisely when the r+ x r_|_ orbit of W leaves the big cell. Further, 
when W = Hs the determinant reduces to one of a finite rank matrix. By 
analogy with the results from [2S] it is easy to see that we have 

-Tiy (70,71) = Wi'^'TS (70,71 )• 

5 

Now, the action of (70, 71) is diagonal for H = 7i©7i and so, writing w = w'^^w^ 
(and so forth) to represent the summands in this splitting, we obtain 

'''5(70, 7i) = det(w° + 00^60""^°) det(w^ + a^^biw^^). 

This is achieved by making a finite number of row and column changes to bring 
into block diagonal form the finite rank determinant which computes fs- The 
subgroup along which 71 = 70 preserves Gr{M). Therefore, assuming W G Gr(M), 

rs{lo,lo) = ±t-5o(7o)t-5o(7o)- 
It follows that for some c 7^ and m G N we have 

fw{z, 0, . . .) = c\z\'^'^ + higher terms. 



Thus f cannot vanish identically along Fi-orbits in Gr{M). 



□ 
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